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The efficiency of most popular approach to generating short wavelength radiation involving particle beams. 
FELT, is limited by the Thomson scattering cross section. If one were to use a beam of particles having a resonant 
scattering cross section for some frequency, a greatly enhanced gain might be expected. A natural candidate is a hydr- 
ogenic positive ion, having Z > 2, with a single bound electron. The fact that the ion is charged allows the beam to 
be accelerated to relativistic energies (y >> I), therefore one can exploit the properties of relativistic kinematics 
which dictate that the back scattered radiation will have its wavelength shortened by a factor (2~)~. 

Suppose the ion beam encounterS a laser beam traveling in the oooosire direction. In the rest frame of the ions 
the frequency of the light is enhanced by a factor 2y (extreme relativistic case, y >> 1). Assume that the rest frame 
frequency matches, say, the 102~ transition frequency. and that the interaction palh length in the lab frame cone- 
spends to a time in the rest frame necessary to invert the level population (a so-called n pulse). If we subsequently 
apply a different wave, txweling w to the ion beam, we may achieve stimulated emission. The wavelength of 
this signal would be reduced by a factor 2yfrom that of the resonant radiation in the rest frame, and by a factor (2~ 
)2 from the original laser wavelength. If the ions were at rest, there is no reduction in tbe wavelength since the fre- 
quencies of the pump and the stimulated emission would be identical; for a relativistic beam with y= 50 the fre- 
quency of the stimulated radiation is higher by a factor 104! Feasibility, of course, rests on whether the necessary 
pump power is achievable and whether the gain is sufficient to overcome the losses associated with typical x-ray 
mirrors; Mb of these are governed by the spontaneous emission rate. 

One can derive expressions for the time evolution of the Is and 2p level occupations (in the rest frame) as a func- 
tion of an applied oscillatory electric field of strength E and frequency w for some initial occupation of the 
lcvcls.The time dependence of a two-by-two density matrix, N, (in the interaction picture) is governed by the follow- 
ing equation? 

&N=ih[U,Nl-i(N-Neq) 

where U denotes the perturbing Hamiltonian given by: 

u = IUI 
0 eiet [ 1 e-ict 0 (2) 

Here IUI = eEl( lslzl2p)1/2, ( Islzl2p) = 4&(2/3)5(a&), E = 01~+2~ - w, and Kuls+2 = EQ - Els = (3/4W2, 
where R and a,, are the Rydberg and Bohr radius respectively. The last term in Eq.(ly accounti for spontaneous 
emissior?, where z is the lifetime and N,q is the equilibrium density matrix (at zero temperature).To describe the 
pumping stage we solve Eq.(l) with the mltlal population entirely in the ground state. The required evolution of the 
excited state population is given by the first diagonal element of the density matrix3 

NT++; +$ { 1 - dT [y+ COSnt]} . 

where 0, = 4lUlfi. Therefore population inversion, NTT = 1 - ,qRT)-l. requires & >> 1 (strong field limit) and 
occurs after a time Trest = n/n; (this corresponds to tbe n-pulse m NMR). Evaluating T from the Einstein relation4, 

3hc3 
’ = 4e201,,2p 

3 l( lslzl2p)l-2 = 1.59 x 10-9 z-4 s, 
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and using the explicit expression for n, 

n = 4&(2/3)5 2 ; 

one can rewrite the strong field condition (.C& >> I) as an inequality on the required electric field (rest frame value): 

E rest .> 0.349 x 25 St. v cm-’ (6) 

In the lab-frame the E-field is reduced by a factor 2~ and the pulse width , V,,,, = n/n , translates to an interaction 
length 

L = yc 7?rrest = 2.61 x 101 Z/E,& 0 

and a power flux, ( S ) = (c/g@ Elah 2,of 

( S ) >> 3.64 x Z’O/-$ W/cm2, (8) 

which is readily achievable in steady state for low Z. Were one to operate in the fundamental Gaussian mode of an 
optimized confocal resonator, the condition on the rora/powerflur, P, can be written as 

P>>Io-~~z~ [WI (9) 

and may be enhanced over the drive power by a factor involving the Q of the resonator. Finally, the Doppler-shifted 
resonance condition 2x/?. = wts+2p/(2’() relates y and h as follows 

y=4.12x1@z2h. (10) 

We now examine the second stage of our model, where the inverted population ion beam is subjected to an in- 
coming electromagnetic wave, which is to be amplified by stimulated emission. The field strength will be assumed 
small, i.e. R’T << 1, where we use 0 for the precession frequency associated with the amplified wave. 

To introduce the gain mechanism we note that the rate of production of coherent photons, N,,h, is given by a 
solution of Eq.(l) with the assumed population inversion aa the initial condition. 

l+ ( R’T)2 
e-‘lT ( sin a’7 + C2’7 cos a’7 ) - ’ 1 

(‘1) 

R’ = 4R’,2 + &2 . 

The above solution describes a general “off resonance” situation (E f 0) which reflects frequency spread , A.w/o = 
Au/y, due to a longitudinal momentum spread in the incoming ion beam (Ay). Note that this effect could be ne- 
glected in the discussion of the pumping stage where the strong field limit (C&z >> I) applies. However, the lasing 
stage is in tbe weak tield regime and the off wonance frequency broadening has tc be considered. 

The total number of coherent photons emitted during some time t (to be discussed shortly) results in an incre- 
ment to the energy density of the initial wave, AE, given by 

t 
AE = 6” W1~+2~ ( 1 N,,h(t’)dt’ )E : 

here n is the ion density (in the rest frame) and 
Asl2 

(...)& I . ..de 
-A~12 

(12) 
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defines the ensemble average over momenta in the incoming beam. The right hand side of Eq.(l2) is evaluated in two 
asymptotic regions: (a) cool beam limit (Aa CC I); (b) hot beam limit (ACT >> 1). 

Evaluating appropriate e-averages in the above two regimes, one can rewrite Eq.(12) as follows: 

AE = 5 n o,++~~ (&,‘T)~A , 

where 

('3) 

: A&T << I 
; AEZ >> I. (14) 

The relationship between fY,, and the energy density E , 

(nn0)2 = 25,3 e21( k1~12~)12 E fi2 , 

allows us to rewrite Eq.(13) as 

AE = (2~)~An e2 w ls-t2p r2 E /h 

The total gain, G, is defined as 

(13 

W-3 

G=(E+AE)/E (17) 

and lasing requires GR2 > 1; here R is the mirror reflectivity of the second (king) cavity. Finally the gain coeffi- 
cient can be written as : 

G = 1 + (2~)~An e2 w,s+2P ~~/b (‘8) 

Assuming mirrors with an intensit reflection efficiency of 50% and a longitudinal momentum spread in the in- 
coming ion beam of 1% (Ayfy= IO- l ) one can estimate the ion concentration required for king as 

” reSt = 6.84 x IO9 Z* cmm3 . w 

In the lab frame this requires an ion beam current density of 

jlab = (z - I)e nreSt CY 

For the case of Li* ions the threshold current density would be 

(33) 

jlab = 4.31 x 16 A cm-‘? (21) 

Particle beams having the requisite current density, momentum spread and energy are within the scope of prcscnt 
generation high current storage rings. The discussion in this paper centers on the ls-2p transition in a hydrogenic 
atom. However, other types of transitions may also be of interest; particularly those with longer lifetimes (eg.. uan- 
sitions to various dipole-forbidden or metastable states). It may also be possible to exploit a nuclear transition as 
well as various multilevel systems. 
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